Using the zeta function regularization method we calculate the ground state energy of scalar massive field inside a spherical region in the space-time of a point-like global monopole. Two cases are investigated: (i) We calculate the Casimir energy inside a sphere of radius R and make an analytical analysis about it. We observe that this energy may be positive or negative depending on metric coefficient α and non-conformal coupling ξ. In the limit R → ∞ we found a zero result. (ii) In the second model we surround the monopole by additional sphere of radius r 0 < R and consider scalar field confined in the region between these two spheres. In the latter, the ground state energy presents an additional contribution due to boundary at r 0 which is divergent for small radius. Additional comments about renormalization are considered. 98.80.Cq, 14.80.Hv 
I. INTRODUCTION
Different types of topological objects may have been formed during Universe expansion, these include domain walls, cosmic strings and monopoles [1] . These topological defects appear as a consequence of breakdown of local or global gauge symmetries of a system composed by self-coupling iso-scalar Higgs fields Φ a . Global monopoles are created due to phase transition when a global gauge symmetry is spontaneuosly broken and they may have been important for cosmology and astrophysics. The process of global monopole creation is accompanied by particles production [2] . Grand Unified Theory predicts great number of these objects in the Universe [3] but this problem may be avoided using inflationary models.
From astrophysical point of view there is at most one global monopole in the local group of galaxies [4] .
The space-time of a global monopole in a O(3) broken symmetry model has been investigated by Barriola and Vilenkin [5] . They have shown that far from the compact monopole's core the space-time is approximately described by spherical symmetric metric with an additional solid angle deficit. It is also possible to find solution for the Einstein equation
coupled with an energy-momentum tensor associated with a pointlike global monopole. For simplicity we shall consider in this paper this singular configuration. In Ref. [6] a simplified model is presented in order to consider some internal structure for the global monopole.
The analysis of quantum fields on the global monopole background have been considered in Refs. [7] - [9] . It was shown, taking into account only dimensional and conformal considerations [7] , that the vacuum expectation value of the energy-momentum tensor associated with a collection of conformal massless quantum field of arbitrary spin in this background has the following general structure
where the quantities S i k depend only on the solid angle deficit and spin of the fields. For scalar field this tensor was investigated more carefully by Mazzitelli and Lousto [8] and for massless spinor field by authors [9] in great details. The above energy-momentum tensor has non-integrable singularity at origin therefore the ground state energy cannot be found by integrating the energy density. The same problem also appears for cosmic string space-time [10] and in Minkowsky one with boundary condition on dihedral angle [11] . The calculation of ground state energy for the cosmic string spacetime was considered in Refs. [12, 13] using different approaches. For infinitely thin cosmic string, specific global effect appears which leads to additional surface renormalization [12] .
The ground state energy of massive scalar field in the background of a cosmic string with internal nonsingular structure has been considered in Ref. [13] . It has been found that it is zero for arbitrary transverse diameter of the string.
The nontrivial topological structure of space-time leads to a number of interesting effects which are not presented in a flat space. For example, there appear self-interacting forces on a massive point-like particles at rest. These forces have been investigated in Refs. [14, 15] for cosmic string and global monopole space-times respectively.
In the framework of zeta function regularization method [16] (see also [17] ) the ground state energy of scalar massive field can be obtained by
which is expressed in terms of the zeta function ζ A associated with the Laplace operator A = −△ + ξR + m 2 defined in the three dimensional spatial section of the space-time. Here, the parameter M, with dimension of mass, has been introduced in order to give the correct dimension for the energy. In order to calculate the renormalized ground state energy we shall use the approach which was suggested and developed in Refs. [18] [19] [20] [21] .
In this paper we would like to discuss the ground state energy of scalar massive field in the background of point-like global monopole space-time inside a spherical region considering an arbitrary non-minimal coupling of this field with the geometry. Because the energymomentum tensor has non-integrable singularity at the origin we would like to investigate two cases: (i) In the first we consider a point-like global monopole and calculate ground state energy using zeta function approach; (ii) in the second one, we consider a sphere surrounding the monopole and cut out internal part of it by an appropriate boundary condition for radial functions. This procedure permits us to reveal the role of the singularity. In the limit of zero radius of inner sphere, this model corresponds to topological defects because there is no internal structure of monopole for arbitrary radius of sphere.
The zeta function of Laplace operator on the point-like global monopole background has been considered by Bordag, Kirsten and Dowker in Ref. [22] using the method given in Refs. [18] [19] [20] [21] . There, the general mathematical structure of zeta function and the heat kernel coefficients on the generalized cone have been obtained. Because the main emphasis of the present paper is on the ground state energy, we shall rederive in Sec.III some specific formulas for our case which was not considered in Ref. [22] .
The organization of this paper is as follows. In Sec.II we briefly review some geometrical properties about global monopole space-time which will be needed. In Sec.III, the zeta function of the Laplace operator on three dimensional section of a point-like global monopole space-time is developed. In Sec.IV we consider the zeta function for global monopole spacetime cutting out by the sphere around the origin. In Sec.V, the ground state energy of massive scalar field with arbitrary non-conformal coupling on global monopole background is considered for both above cases. In Sec.VI, we discuss our results. The signature of the space-time, the sign of Riemann and Ricci tensors are the same as in Christensen paper [23] .
We use unitsh = c = G = 1.
II. THE GEOMETRY
Global monopoles are heavy objects probably formed in the early Universe by the phase transition which occur in a system composed by a scalar self -coupling triplet field φ a whose original global symmetry O(3) is spontaneously broken to U(1).
The simplest model which gives rise a global monopole is described by the Lagrangian density below
Coupling this matter field with the Einstein equation, Barriola and Vilenkin [5] have shown that the effect produced by this object in the geometry can be approximately represented by a solid angle deficit in the (3 + 1) -dimensional space-time, whose line element is given by
where the parameter α 2 = 1−8πη 2 is smaller than unity and depend on the symmetry breaking energy scale η. The solid angle in the geommetry defined by (2) is 4πα 2 , consequently smaller than 4π. So this spacetime presents a solid angle defict given by δΩ = 32π 2 η 2 . We also can note that it is not flat. The nonzero components of Riemann and Ricci tensors, and scalar curvature are given below
For further application let us consider extrinsic curvature tensor on the sphere of radius R around the origin
Here N j is outward unit normal vector with coordinates N j = (0, α, 0, 0). This tensor has two nonzero components
III. ZETA FUNCTION FOR POINT-LIKE GLOBAL MONOPOLE SPACE-TIME
In order to calculate the ground state energy given by Eq.(1) we have to obtain the zeta function of the operatorÂ in the neighborhood of point s = −1/2. For the calculation of zeta function we follow Refs [19, 20, 22] . The zeta function of the operatorÂ = −△+ξR+m 2 is defined in terms of the sum over all eigenvalues of this operator by
Here λ 2 (n) is the eigenvalue of operatorB =Â − m 2 . The eigenfunctions of the operatorÂ defined in (2) which are regular at the origin have the form
where Y lm are the spherical harmonics and J µ is the Bessel function of the first kind with
A discret set of eigenvalues λ l,j can be found applying some boundary condition imposed on this function. Let us consider the Dirichlet boundary condition at the surface of a sphere of radius R concentric with the pointlike monopole
Then, the zeta function reads
where the label R in the zeta function was introduced to indicate this kind of boundary condition. The solutions λ l,j of equation (5) can not be found in closed form. For this reason we use the method suggested in Refs. [18] [19] [20] which allows us to express the zeta function in terms of the eigenfunctions. According to this approach, the sum over j may be converted into contour integral in complex λ-plane using the principal of argument, namely
where the contour γ runs counterclockwise and must enclose all solutions of Eq.(5) on positive real axis. Shifiting the contour to the imaginary axis we obtain the following formula for the zeta function (see [19] for details)
Here I µ is the modified Bessel function. Let us use the uniform expansion for the Bessel function I µ (µz) as below
where
) and z = kR/µα. The firsts coefficients u k (t) and the recursion relations for higher ones are listed in [24] . This uniform expansion leads to power series over m, and the term u N gives the contribution ∼ 1/m 3−N .
We shall make the calculations up to N = 3. In this case we obtain the following formula for uniform expansion of the logarithm of Bessel function
where In the above expression we omit all constants which are not important for the calculation of zeta function. Adding and subtracting uniform expansion (8) in integrand of formula (6) we may represent the zeta function in the form
, s − 1;
is the hypergeometric function, β = mR and
The series in Eq. (12) T
can be expressed in terms of the same function given in Eq. (17) . Indeed, one can use analytical continuation of the hypergeometrical function [24]
So, the first term in the rhs. of the above equation cancels the second one, divergent term in the sum (18) which is due to term k −µ in (6) (see Ref. [13] ). Now, one can use power series expansion for the hypergeometric function because its argument 1/(1 + (αµ/β) 2 ) is always smaller than unity, so we get
Therefore in order to calculate of the zeta function we have to obtain an analytical continuation to the series Z(p, q). In fact we may consider only
because the other functions with p = 2, 4, 6, .. can be expressed in terms of Z(0, q) only.
Substituting the value for µ given in Eq. (4) into Eq. (20) we obtain
This series is convergent for ℜq > 1. It is no difficult to obtain the analytical continuation of this series for small value of parameter b. Indeed, expanding Z in powers of b we have
For analytical continuation of this function in the domain ℜq ≤ 1 and for great value of b, let us consider the series below
This series, which has been considered in great detail by Elizalde [25] , presents the following analytical continuation for great b
Here ζ H is the Hurwitz zeta function and K n is the modified Bessel function. Differentiating this series with respect to a and putting a = 1/2 we obtain the analytical continuation that we need, which is the following
Taking into account this expression we obtain analytical continuation for function Z(0, q):
This function has simple poles for integer numbers q = 1, 0, −1, −2, .... In order to obtain a renormalized value for the ground state energy we have to extract from our expression for zeta function (10) the part which survives in the limit m → ∞. Moreover to calculate the zeta function up to degree m 0 we need only two terms from series (23) in which ζ H (−1, 1/2) = 1/24 , ζ H (−3, 1/2) = −7/960 and three terms of T (s) which are given by Eq. (19) .
Putting this expression into Eq. (19), and Eqs. (12) - (16) and expanding over 1/β = 1/mR ≪ 1 and s, also collecting terms with similar degree on the mass m up to m 0 (we cannot here collect higher orders of m because we used uniform expansion up to this power)
we get 
we obtain the heat kernel coefficients :
) .
Those terms which are proportional to inverse degree of α come from exponential part of the uniform expansion given by (7), and respectively for T (s) (19) . The terms which are linear in α 1 or α 0 come from the series u k /µ k in (7). Now we may compare our results with well-known formulas given in Refs. [26, 22, 17, 27] .
coincide with general formulas in three dimensions (all geometrical quantities are given in Sec.II)
However some problems are connected with the term B 2 . The general structure of this term is the following (see [23, 27] , for example)
is volume part, and
is boundary contribution. Taking into account the results obtained in Sec.II we have these terms in manifest form:
We observe that the b 2 is proportional to 1/r 4 and the integral over volume in Eq. (28) will diverge at origin. This problem has already been discussed by Cheeger [28] , Brüning and Seeley [29] and Bordag, Kirsten and Dowker [22] using partie finite of the integral. We regularize the expression for B 2 by restricting domain of radial integration
After integration we take its finite remainder parts as ε → 0, and the expression obtained in this way coincides with that given in Eq.(26).
Our expressions for the heat kernel coefficients also agree with that ones obtained in
Ref. [22] . In that paper the heat kernel coefficients have been calculated for conformal case (ξ = 1/8 in three dimensions). In order to compare both results we have to set (26) and use the formulas of Appendix A from Ref. [22] for the three
For renormalization which we shall discuss later we shall extract from zeta function (10) the asymptotic expansion (24) . Because all divergences at s → 0 are contained in (24), we set s = 0 in the remained part. After long calculation we arrive at the following formula for zeta function
In order to exhibit the dependence on mass the m and on the radius of sphere R, we have introduced in above formula, the dimensionless heat kernel coefficients by relations
The function Ω R (β) tends to a constant for β → 0 and Ω
The details of calculation and close form of Ω R (β) are outlined in Appendix A.
At this point we would like to make a comment. The origin of the term B R ln β 2 is the following: In the limit m → ∞ the singular part of zeta function has the structure given by Eq. (25) . For small value of m it has the same poles structure multiplied by β 2s . This is because all functions Z(p, s) are proportional to this degree of β as it may be seen from Eq. (22) . The difference between them in the limit s → 0 is s ln β 2 multiplied by Eq.(25).
Obviously that in this limit only B 
where N µ is the Bessel function of the second kind.
In this case we have two boundaries and one has to impose two boundary conditions.
Let us again choose the Dirichlet boundary condition for the radial functions at spheres of radii R and r 0 :
and
The set of discret eigenvalues λ l,j can be found from equation below
which is, in fact, the condition for existence of the solution (38). Therefore we obtain the following formula for zeta function instead of Eq.(6)
This general expression may be essentially simplified in the limit R/r 0 → ∞ which we are interested in. Taking into account that in this limit the ratio K µ (kR/α)/I µ (kR/α) < π exp(−2mR/α) is exponentially small, so we may divide the expression for zeta function (42) in two parts
The first part is the zeta function for pointlike global monopole which we have already calculated in last section. It depends only on the boundary condition on the sphere of radius R. The second part depends on boundary condition on the inner sphere of radius r 0 . This kind of division of zeta function has been taken place for the case of thick cosmic string in Ref. [13] . It is also in qualitative agreement with [20] . Indeed, according with [20] , the internal solution gives Bessel function I µ and the external solution gives function K µ in expression for zeta function. The first part of zeta function (44) depends on the solutions which are internal with respect of sphere of radius R and the second part of zeta function (45) depends on the solutions which are external for sphere of radius r 0 .
Let us consider now the second expression (45). To calculate ζ r 0
A we use the same approach which we have used in last section. We have to take into account the uniform expansion for modified Bessel function of second kind K µ (µx) which has the form below
Differently from the uniform expansion of Bessel function of first kind given by Eq. (7), the odd degrees of µ in above formula have the opposite sign. This fact leads to the change of sign of the heat kernel coefficients with integer index, also with respect of the heat kernel coefficients which were considered in last section. Using this uniform expansion we arrive at the following formulas for the zeta function ζ
and the functions A k (s, r 0 ) are the same as in Eqs. (12) - (16) but they depend now on the radius r 0 . Proceeding in the same way as it was done in last section, we obtain the following expression for second part of zeta function ζ r 0 A : For the space between two spheres we have
Therefore the full zeta function in this case has the following form
The close expression for Ω r 0 is given in Appendix A.
V. THE GROUND STATE ENERGY
In the framework of zeta function approach the ground state energy is proportional to the zeta function of Laplace operator and is given by Eq. (1) . In order to analyze this energy, let us first of all, consider the ground state energy for point-like global monopole. The full energy of the system consists of two parts, namely classical part due to the boundary and monopole background, and quantum one loop correction. The general expression for boundary contributions has been considered in Refs [16, 20] and it has the following form:
Here V R = 4πR 3 /3α and S R = 4πR 2 are the volume and area of spherical surface, respectively. The two parameters p R and σ R have simple physical means as pressure and tension of surface. The constant contribution described by parameter Λ R may be explained by the cosmological constant [30] . The other two parameters F R , h R have not got a special names.
The energy of monopole background can be obtained by integrating the (t, t) component of energy momentum tensor [7] 
The quantum correction, using Eq. (34), is
where the heat kernel coefficients B R k and B R are given by Eq. (26) and (35), respectively.
In order to obtain a well defined result for the full energy, we have to renormalize the parameters of classical part (56) according to the rules below:
)
.
After this procedure we obtain the following expression for ground state energy
The similar general structure of ground state energy in massless case has been obtained by Blau, Visser and Wipf [16] using the dimensional considerations only. For massive case we find in manifest form the same structure. If we have used another scale for the mass like M → M/χ, in renormalization rules (59), the above logarithmic term ln β 2 will be replaced by ln(χβ) 2 .
The expression (60) is, in fact, the Casimir energy for internal part of the spherical bag in global monopole background. For small radius of the bag, this energy tends to infinity as ln R/R:
and for great radius of the bag R → ∞ it tends to zero we shall discuss only three cases for ξ = 1/6, 1/8, 0.
. In this case the behavior may be only of I and II kinds namely, the first kind for α < 1.24 and the second one for α > 1.24. The coefficient b . The behavior of energy may be I, II and III kinds, the first kind is for α < 1.045, the second kind is in the region 1.045 < α < 1.17 and the third one for α > 1.17.
In the point α = 1.045 the coefficient b where it changes the sign, too.
3. ξ = 0. This case is similar to previously one: it is of the first kind for α < 1.016, of the second for region 1.016 < α < 1.054, and of the third for α > 1.054.
For α ≤ 1 and ξ = In the limit R → ∞, the quantum correction tends to zero and the full energy contains only classical part which are due to boundary and background itself.
Let us now proceed to our model. We surround the monopole origin by spheres of radii r 0 and R > r 0 and consider the bosonic matter field in the space between them. We do not take into account the interior of sphere of radius r 0 , there is nothing inside it. We impose the Dirichlet boundary condition on this sphere which means that there is no flux into this region. The full energy in this case consists of five parts
are the classical part of energy due to the boundaries and global monopole itself, respectively, and
are the quantum corrections. Adopting the same renormalization prescription given in Eq.(59) for parameters in E R cl and E r 0 cl , one arrives at the following expression for renormalized quantum corrections
The sum of these terms gives the Casimir energy of the field in space between the two spheres in the global monopole background. The first part we have already discussed. We may consider the second part in the same way. For small radius of sphere, r 0 → 0, it tends to infinity
and for great radius of sphere r 0 → ∞ it tends to zero For any non-zero radius of the inner cavity r 0 we have finite result. In this case the Casimir energy may be positive or negative, depends on the parameters of the theory. The main problem now is with the limit r 0 → 0, which has to reproduce the topological defect itself. The energy E r 0 q presents divergence in this limit as ln r 0 /r 0 . This is in contradiction with above consideration of point-like monopole. If we set the radius r 0 = 0 at the beginning as it was done in Sec.III we obtain zero ground state energy for R → ∞. From the point of view of heat kernel coefficients we have already thrown away divergent part of B 2 using partie finite of integral (33). In frameworks of our model this thrown part appears here as divergent at origin and the additional renormalization is needed.
For renormalization we may use the last term h r 0 /r 0 in the classical part of energy which is due to boundary (65). We define a parameter M 0 with dimension of mass by the relation h r 0 = GM 2 0 , where G is gravitational constant. With this definition, the divergent contribution for small radius r 0 may be canceled by the renormalization rule below
where m 2 pl is the Plank mass, and then ground state energy is zero.
VI. CONCLUSION
In this paper we have considered the ground state energy of quantum scalar field in the for different values of the parameters ξ = 1/6, 1/8, 0 and α are given in Fig.1(a) . For α ≤ 1 it may be only in first kind for above values of ξ.
In order to avoid the problem with singularity at origin, we investigated the second case in Sec.IV, the following model: We surrounded the origin by a sphere of radius r 0 < R and considered the scalar field in domain between these two spheres using the Dirichlet boundary condition on the wave function associated with the massive scalar field, on the two surfaces.
This boundary condition guarantee that there is no flux of particle through the spherical surfaces. The Casimir energy in this case consists of two parts given in Eqs.(69), (70). The first part is the same as for pint-like monopole case and second one is due to the inner sphere of radius r 0 around origin. The structure of second part of ground state energy (70) is similar: there is logarithmic divergence at origin which tends to zero for infinite radius.
The sign of energy for small distance is opposite. For this reason there appears three kind of dependence of energy which are displayed in Fig.1(b) .
In the limit R → ∞ and finite r 0 = 0 only one contribution in ground state energy survives (69). In the limit r 0 → 0, it is divergent and additional renormalization is needed which is given by Eq.(73). After this renormalization the ground state energy of a global monopole will be zero. This is in agreement with ground state energy of point-like global monopole.
If one fills up this cavity around the origin by matter, the situation becomes different. We may expect the same kind of divergence for additional energy from the interior of monopole but with opposite sign. We have already seen that the internal and external contributions have opposite signs: b
. For this reason we may expect that this kind of divergence will cancel, however we cannot say anything analytically about divergence Ω(mr 0 )/r 0 . In flat space-time [20] it cancels, too, because the ground state energy is zero for zero radius of the bag. The same cancellation takes place in the case of a thick cosmic string background considered in Ref. [13] . All of these aspects will be discussed in a separate paper. In this appendix we want to give some brief explanation about the most important results found by us. First of all we represent the expressions for A k as series in powers of β = mr 0 regarding for a moment b, β < 1 and ∆ > −1/4 for convergence of series. They are
In the above formulas we have used the following notations : 
This kind of representation is suitable for numerical calculations.
Adding and subtracting the asymptotic expansion of zeta function (25) we obtain the following formula 
where Ω B (β) = 
It is easy to obtain the formulas for zeta function ζ 
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